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Abstract. Let n > 3 and -i/jAo be the radially symmetric solution of A log ip + 2/3-0 + /3x • Vijj = 
in K", V(0) = Ao, for some constants Ao > 0, /3 > 0. Suppose uo > satisfies uo — V'Aq £ L^{M") 
and uo{x) ~ 2(71-2) '"sN a,s |a:| ^ 00. We prove that the rescaled solution u{x,t) = e'^^^u(e^^x,t) 
of the maximal global solution u of the equation ut — Alogu in R" x (0, 00), u{x,0) = 110(2;) in 
R", converges uniformly on every compact subset of R" and in L^(R") to ipx^ as t ~> 00. Moreover 
-^AolLi(E") < e-("-2""||no - VaoILmr-^) for all t > 0. 

1. Introduction 

In this paper we will study the asymptotic large time behaviour of the solution of the equation 

{Ut = Alogu,u > 0, in M" X (0, 00), 
u{x,0) = uo{x) inW ^ ' 

for n > 3. When n = 1, P.L. Lions and G. Toscani have proved that (jl.ip arises as the diffusive limit 
for finite velocity Boltzmann kinetic models |LTj and T. Kurtz [K] has showed that (jl.ip arises 
as the limiting distribution of two gases moving against each other and obeying the Boltzmann 
equation. When n = 2, the above equation arises in the study of Ricci flow on the complete 
[Wlj . |W2j . (jl.ip also arises as the sing ular limit [ERV] . [H2] . as m —7- of the following class of 
degenerate parabolic equation, 

(ut = A(u™/m) in x (0, T), 
\u{x,0) = uo{x) in M". 

It is known that (jl.2p arises in many physical models. For example when m = 1/2, (jl.2p arises in 
the study of the diffusion of impurities in silicon |Ki] . When m > 1, ()1.2p arises in the study of 
gases through porous media [A], [P]. Interested reader can read the book |DKj by P. Daskalopoulos 
and C.E. Kenig for the recent results on (jl.ip and (jl.2p . 

Existence of infinitely many finite mass solutions of (jl.ip for n = 2 and < G L^l^)r\U^(^^) 
for some p > 1 is proved by P. Daskalopoulos and M.A. del Pino |DPlj and K.M. Hui |Hlj . Global 
existence and uniqueness of solutions of (jl.ip for n = 2 is proved by P. Daskalopoulos and M.A. del 
Pino |DPlj and S.Y. Hsu |Hslj . Global existence of solution of (jl.ip for n > 3 is proved by 
P. Daskalopoulos, M.A. del Pino, and K.M. Hui in |DP2] . |H3| . Large time behaviour of solution 
of ([Ll]) forn = 2 is proved by S.Y. Hsu in [HiH], [Hii] . 

Extinction profile of solutions of (jl.2p for < m < (n — 2)/n and n > 3 is studied by 
P. Daskalopoulos and N. Sesum in |DS1| . Extinction profile of maximal solutions of (jl.ip in 
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X (0, T) for n = 2 near the extinction time T > is studied by P. Daskafopoulos, M.A. del 
Pino, N. Sesum and K.M. Hui [DP3| . |DS2| . |H4| . Extinction profile of maximal solutions of (11. ip 
in M" X (0, T) for n = 3 and n > 5 near the extinction time T > with initial value uq satisfying 
the condition 

Bk,{x,0) <uo{x) <Bk,{x,0) 

where 

, , 2(n-2)(T -t)f^ , ^ 

Bk{x,t) = ^ ^+ , k>0, (1.3) 

fc + (T-t);-'|x|2 

is the Barenblatt solution of (II. ip is studied by K.M. Hui and S. Kim in jHK| . 

We will now assume that n > 3 and let /3 > be a fixed constant for the rest of the paper. For 
any A > 0, let = ijjx be the radially symmetric solution of 

('AlogV' + 2/3'i/' + /3x-V'i/' = 0, V > 0, inM" 

[m = A. ^ • ^ 

given by |Hs4j and 

^ = M^,t) = e-^^'i^x[e-^'xy (1.5) 

Whenever there is no ambiguity, we will drop the subscript A and write ip, (p, instead of ipx, (px- 
Then (p satisfies 

(pt = A\og(p inM"x(0,oo). 
It was proved by S.Y. Hsu in |Hs4| that the radially symmetric solution ip of (jl.4p satisfies 

l,m = (1.6) 

r-s>oo log r p 

A natural question to ask is that if the initial value mq has the same decay rate at infinity as 
4>{x,Q) = ip{x) given by (jl.Sp . does the solution u of (jl.ip behaves like the function (/) as t — )• oo. 
We answer this question in the affirmative in this paper. We prove that if the initial value uq 
satisfies 

2(n - 2) logl^l 
~P \x\' 

and u is the global maximal solution of (jl.ip with n > 3, then the rescaled function 



uo{x) ^ as \x\ — )• oo 



u{x,t) = e^'^'u{e^'x,t) (1.7) 

converges uniformly on every compact subset of M" to Vaq as i — ?• oo for some constant Aq > 0. 
More precisely we prove the following main results of the paper. 

Theorem 1.1. Let n > 3 and uq satisfies 

V'Ai(^) <Uo(^) < V'AaW VxGM" (1.8) 

and 

no-^GL^M") (1.9) 

for some constants A2 > Ai > and Aq > 0. Suppose u is the global maximal solution of (jl.ip and 
u is given by (jl.7p . Then u converges uniformly on every compact subset o/M" and in L^(M") to 
ipXo as t —)■ 00. Moreover 

\\ui-,t) - V'AoIIlMR") < e-("-2)^*||no - V^AoIIlHR") Vt > 0. (1.10) 
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Theorem 1.2. Let n > 3. Suppose uq satisfies 

< uo{x) < iJxAx) VxGM" (1.11) 

and 

\uo{x)-^Pxo{x)\<f{\x\)eL\R^) (1.12) 

for some nonnegative radially symmetric function f where ipx^, ipx-^, are the radially symmetric 
solutions of (jl.4p with A = Aq, Ai, respectively. Then the reseated function u{x,t) given by (|1.7p 
satisfies (|1.10p and converges uniformly on M" and in L^(M") to ipx^ as t —t- oo. 

Note that by Lemma 12.31 proved later that ipx{x) is a monotone increasing function of A > 0. 
Hence (jl.Sp is weh-defined. Also by Lemma 12.41 proved later that the condition (jl.9p is necessary 
to guarantee convergence of the rescaled function n as t — )• oo. 

Unless stated otherwise we will assume that (jl.Sp holds for the rest of the paper. Then by (jl.6p . 
(jl.Sp . and the result of |H3j there exists a unique global maximal solution u of (jl.ip for n > 3. 
Note that by direct computation u given by (jl.7p satisfies 

iif = A log n + 2/3n + /3x • Vn in M" x (0, oo). (1.13) 

Then by ([13]), (fLT]) and (fTH]) . 

(/•Ai (a:, t) < u{x, t) < (px^ (x, t) Vx G M", t > 

^ ^Ai (x) < u{x, t) < {x) Vx G M", t > 0. (1.14) 

The plan of the paper is as follows. In section [2] we will recall and establish some properties of 
the self-similar solution (p. We will prove Theorem 11.11 and Theorem 11.21 in section 3 and section 4 
respectively. 

We start with some definitions. We say that u is a solution of (II. ip if u > in x (0, oo) and 
u satisfies 

ut = A log u 

in the classical sense in M" x (0, oo) with 

u{-,t) no in L^oc(I^") as t ^ 0. 

We say that ti is a maximal solution of (|l.ip in M" x (0, oo) if u is a solution of (jl.ip in M2 X (o,r) 
and u > V for any solution v of (jl.ip in M" x (0,T). For any R > and xq £ M", let BjiIxq) = 
{x G : \x — X(j\ < R} and Br = Bji{0). Let ujn be the surface area of the unit sphere 5""^ in 
R"-. For any a G R, let a± = max(±a,0). 

2. Properties of the self-similar solution 

In this section we will recall and establish some properties of the self-similar solution cj). We first 
recall a result of |Hs4| . 

Lemma 2.1. (cf. Lemma 1.1 and Theorem 1.3 of |Hs4j ) Let n > 2, A > 0, a,/3 G R, such that 
either a > or /3 > 0. Then there exists a unique solution v of 

(v^ \ ' n — 1 
— + +av + j3rv' = 0, v > 0, in(0,oo) (2.1) 
V J r V 

which satisfies 

v{Q) = A and z;'(0) = 0. 

Moreover 

V H rv' > in [0, oo) if a ^ Q 

a 



(2.2) 
(2.3) 
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and 

{v <{) in (0, oo) ifa>0 

V > in (0, oo) ifa< 0. 

Lemma 2.2. Let n > 3, X > 0, a = 2/3 > 0, and let tp he the unique solution of ()2.1 
(0,oo). Then ifj satisfies 

lim ( il^{r) H — r?/^'(r) 

Proof. Let 



2 " ^ 7 /3 



i(j(r) = ^{r) + — r'0'(r) 
By direct computation u;(r) satisfies 

+ /3r^J w = (n - 2)r^'0 Vr > 0. 

Hence 

{r'^-^f{r)w{r))^ = {n - 2^'^ f{r)i;{r) Vr > 

where 

Integrating over r > 1, 

w{r) _ f{l)w{l) {n-2)j;p-^fip)^{p)dp 
J.2 ^n-4j^j,^ ~'~ r"~^/(r) vr > . 

By (jl.6p there exists a constant po ^ 1 such that 

4(n-2)logp (n-2)logp 

> > ' > 

Then 

fP log s 



p"'~'^ f{p)'4^{p) dp ^ oo as r — )• oo. 



By dlZl) and 

By (USD, (EJ]), (fZTOD . and the I'Hospital rule, 

w(r) ^ in — 2)r"'~'^/'0 , in — 2)r^'i/' 

lim — = lim -, r — = lim 



By (2.26) in [Hil], we get 



Since 



lim (2+^1=0. 

(n - 4) + r ( /JrV' - = (n - 2) + /3rV - ^2 + ^ 
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and by ([L6|) r'^il^ir) ^ oo as r oo, by ([2TT]) . ([2J2|) . and ([233]) . we have 

twfr) , (ji - 2)r^^ (n - 2) 
lim — K- = lini — 



r-i-oo r--5>oo n — 2 + fir'^tp (3 

and the lemma follows. □ 

Lemma 2.3. Let njS > a > 0, A2 > Ai > 0, and let v\^, he the radially symmetric solutions of 
(|2.1|) . (|2.2p . in (0,00) with A = Ai, A2, respectively. Then 

vx^{r) > vxj{r) > 0, Vr > 0. 

Proo/: Let A > and let v = vxhe the solution of (HU, ([22]), in (0,oo). Multiplying (HU by r"-i 
and integrating, 

^n-lMr) ^_^r dp - /3 r p-Vrip) dp 

vir) Jo Jo 

= - /3r"i;(r) + (n/3 - a) / p''-^v{p)dp Vr > 



JO 



^ t;^(r) = - /3ru^(r) + ^— — ' ' / dp Vr > 0. (2.14) 

Jo 

Since A2 > Ai, there exists rg > such that (0,ro) is the maximal interval such that 

vx^ir) > vxiir) > 0, VO < r < tq. 

Suppose ro < 00. Then 

vx2,r{ro) < vxi,r{ro), vxiiro) = vxiiro) and / p'^~^vx2{p) dp > / p''~^vx^{p) dp. (2.15) 



./o 



Hence, by (fmi) and (l2J5]) . 



^^A2,r(ro) = -Provl^{ro) + ^— / p" '^;a2(p) dp 



2 ^ ^ , V"-A^ - u^^c/AaV u; / n-l 

Jo 

„2 N , {n/3 - a)vxAro) p „_i 



> -firovi^iro) + ^ " / p"-^t;A,(p)dp = t;Ai,r(ro). (2.16) 

ro Jo 

By ()2.15p and (I2.16P contradiction arises. Hence ro = oo and the lemma follows. □ 



Lemma 2.4. Let n > 3, /? > 0, and if^x be the radially symmetric solution of ()1.4p for any A > 0. 

Then V'Aa - ^Ai ^ L\R^) for any A2 > Ai > 0. 



Proof. Let a = 2/3 and A2 > Ai > 0. Since ipi satisfies (|2.ip and (|2.2p with A = 1, the function 
AV'i(VAr) is a solution of (j2.ip and (j2.2p for any A > 0. Since V'A also satisfies (j2.ip . (j2.2p . by 
Lemma 12. 11 

^;,(x) = V'Ada;!) = A^i(\/A|2;|) Vx G M". (2.17) 

By ([2Tfp and Lemma EH 



V^A,(:E)-V'Ai(:E) = ^^'^dA = ^^' Ui(^/A|x|) + ^^V'U\^kl)] dX>0 VxGM". (2.18) 
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Hence 







f 


[i: ( 


/■A2 






/ ( 



M^\x\) + ^^[iVX\x\)\ dX 



dx 



dx 



dX 



2UJ. 



n-2 



(2.19) 



By Lemma 12.21 there exist constants C > and pQ > such that 



2 



Since n > 3, the right hand side of (|2.19p is equal to infinity and the lemma follows. 

3. Asymptotic Behavior 



□ 



In this section we will use a modification of the technique of |DSlj and |HKj to prove the 
asymptotic large time behaviour of the global maximal solution of (II. ip . 

Lemma 3.1. Let A > and (p = (px be given by (jl.Sp where ipx = is the radially symmetric 
solution of p.4p . Suppose u, v, are solutions of (jl.ip with inital values uq, vq, respectively which 
satisfy u, v > 4> in M.^ x (0, 00). Then for any T > there exist constants Rq > and C > 
depending on T such that 



Br(x) 



{u - v)+{y,t) dy 



< 



B2r{x) 



{uo-vo)+{y)dy] +C 



R 



n-2 



logR 



and 



{ii) I \u-v\{y,t)dy 
VBr{x) . 



< 



B2r{x) 



Wo - vo\{y) dy \ +C 



R 



n-2 



\ogR 



holds for any R>Rq + \x\, 2; G M", < t < T. 

Proof. Let T > 0. By (jl.Sp and ()1.6p there exist constants i?i > 1, Ci > such that 



r'^ip{r) 
log r 



> Ci Vr > Ri 



< 



2|y| 



V|y| > Ro := e'^^'^Ri,0< t < T. 



(3.1) 



Cilog(e-/3*|?/|) - Cilogjy 

Then by an argument similar to the proof of Lemma 2.1 in jHKj but with the Bf^ and (2.4) there 
being replaced by and (j3.ip . (i) and (ii) of the lemma follows. □ 

Lemma 3.2. Let A > and (p = be given by (jl.Sp where tpx is the radially symmetric solution 
of (|1.4p . Suppose u, V, are solutions of (jl.ip with inital values uq, vq, respectively which satisfy u, 
v>(t) inW X (0,00). If f = uo-vo£ L^{W), then u{-,t) - v{-,t) G ^^(R") for all t > 0. 



LARGE TIME BEHAVIOUR OF HIGHER DIMENSIONAL LOGARITHMIC DIFFUSION EQUATION 7 

Proof. We will use a modification of the proof of Lemma 2.1 of [DSlj and Lemma 2.2 of |HKj to 
prove the lemma. Since the proof is similar to that of |DS1| and [HK| . we will only sketch the 
argument here. Let 

w{x,t) = / I (log M — log f )| (x, s) ds. 



Then by the Kato inequality |Kaj . 

A |log u — log v\ > sign(n — v)A (log u — log v) . 

Hence by (fTT]) . 

d 

— \u — v\ < A llog u — log v\ 

dr 1-16 6 1 

in the distribution sense in M" x (0, oo). Integrating the above inequality in time, 

Aw > -\f\ on M". (3.2) 

Let 

n{n - 2)ujn J^n \x - yy" ^ 
denote the Newtonian potential of |/|. Then by (j3.2p . 

A{w - > (3.3) 

in the sense of distributions in M". Similar to the proof of Lemma 2.2 of |HKj by p.3p and an 
approximation argument the lemma would follow if we can show that 



lim / w{y,t)dy = VxGM",t>0. 



(3.4) 



Since ^ 

(log u-\ogv)+ = (log < C -1^^ < C(j)~^ \u- 

and similarly, 

(logU — logv)- < C(f)~2\u — u| 2 , 

we have 

w{y,t)dy<C / / (p~2\u — v\^dyds 

Jo JBr{x) 

<C fi [ Hy,sr'dy] if \u-v\dy] ds. (3.5) 

Jo \JBr(x) J \JBr{x) J 

Let T > and Rq > 1 he as in the proof of Lemma l3.ll Then (13. ip holds. By (13. 1|) . 

(j)iy,syUy= [ (j){y,t)-Uy+ [ ^{y,tyUy 

Br{x) JBR{x)nBiig JBa{x)\Bn^ 

<C + C [ T^-idy 

J Ro<\y\<B+\x\ ^og|y| 

<Cfl + -^j \fR> \x\+ Ro,0 < s <T. (3.6) 



By ([33]), dMl), and Lemma [3H 



?n+2\ ^ / 1 /pn-2\5' 



«;(y,t)dy<C"fl + -^j + f ^ 1 1 VR > \x\ + Ro,0 < t < T (3.7) 
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for some constant C" > depending on T. Dividing both side of (j3.7p by /?" and letting i? — )• oo 
we get (i3l4]) for any < t < T. Since T > is arbitrary, (f3^ holds for all t > 0. □ 

By an argument similar to the proof of Corollary 2.2 of |DSlj but with Lemma 13.21 replacing 
Lemma 2.1 of [DSlj in the proof there we get the following result. 

Lemma 3.3. Let A > and (p = (f)\ he given by (jl.Sp where ipx is the radially symmetric solution 
of (|1.4|) . Suppose u, V, are solutions of with inital values uq, vq, respectively which satisfy u, 
v>(t) inW X (0,oo). If f = uo-vo£ L^{W), then 

\\u{-,t) - v(-,t)||ii(iRn) < ||no - voIIlHK") ^ 0- 
Hence ifu, v, are the rescale functions of u, v, given by (11. 7p respectively, then 

||S(-,t)-?^(-,t)||ii(Mn) <e-("-2)/^*||no-z;o||Li(R'^) Vt > 0. (3.8) 

We are now ready for the proof of Theorem 11.11 

Proof of Theorem \l.l\ Let {ti}'^^ be a sequence of positive numbers such that ti > 1 for all i G Z"*" 
and tj — )■ oo as i — )■ oo. By ()1.14p the equation ()1.13p is uniformly parabolic on Br x [0, oo) 
for any i? > 0. By the Schauder estimates for parabolic equation |LSUj the sequence u{x,ti) is 
equi-Holder continuous in on every compact subset of M". Hence by the Ascoli Theorem and 
a diagonalization argument the sequence u{x,ti) has a subsequence which we may assume without 
loss of generality to be the sequence itself that converges uniformly on every compact subset of 
to some function (7 as i — )• oo. By Lemma 13.31 (|3.8p holds with v = ^Aq- Hence 

\\u{-,ti) - ^AoIIli{R") < e-("-2)^*iuo - V'AoIIli(r-) Vi G Z+ 
=^ lb - V'AoIIlmk") = as i 00 
g{x) = i,x,{x) VxGM". 

Hence u{x,ti) converges uniformly on every compact subset of to tpxg as i ^ 00. Since the 
sequence {tj}^]^ is arbitrary, u{x,t) converges uniformly on every compact subset of M" to &s 
t — >■ 00. By Lemma 13.31 we get (jl.lOp and the theorem follows. □ 



4. A MORE GENERAL RESULT 

In this section we will prove Theorem 11.21 and extend the convergence result of Theorem 11.11 
to initial data not necessarily satisfying condition (jl.Sp . We first start with a weaker convergence 
theorem. 

Theorem 4.1. Let n > 3. Suppose < uq £ L°°(M") satisfies (jl.9p where tp\^ is the radially 
symmetric solutions of (jl.4p with A = Aq- Suppose u is the maximal solution of (|l.ip in M" x (0, 00) 
andu{x,t) is given by (jl.7p . Then 



\u{-,t) - (pxoi-, t)\dx < \\uo - ^AoIIli(rJV) (4.1) 
and (jl.lOp holds. Hence u converges to ipx^ in L^(M") as t —t- 00. 

Proof. Since the proof is similar to the proof of Lemma 5.2 of |HK| . we will only sketch the proof 
here. For any < A < Aq, let ux be the maximal global solution of (II. ip (cf. |H3j ) in M" x (0, 00) 
with initial value 

uo,x(x) = max{il)x{x),U(i{x)). 
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Then by the maximal principle 

ux > ma^{(j)x{x, t),u{x, t)) in x (0, oo) VO < A < Aq. (4.2) 

and Ux decreases and converges to u uniformly on every compact subset of M" x (0, oo) as A \ 0. 
By (132]) and Lemma ESJ 



/ 



\ux{-, t) - (pxoi-, t)\dx < \\uo - tPxoWlHrn) VO < a < Aq. (4.3) 



Letting A \ in (|4.3p we get (j4.ip . (jl.lOp then follows directly from (j4.ip and the lemma follows. 

□ 

We next observe that by ()1.6p and an argument similar to the proof of Lemma 5.3 and Corollary 
5.4 of |HKj we have the following results. 

Proposition 4.2 (cf. Corollary 2.8 of |H3j ). Let n > 3, Aq > 0, and g{x) = TpXoi^^^) ~ h{x) for 
some radially symmetric function < /i G L°°(]R") nL^(M"') such that g{x) > on M". Then there 
exists a unique maximal global solution u of (jl.ip in M" x (0, oo) with initial value g. 

Corollary 4.3. Let n > 3 and let ipXo{x) — h{x) < uo{x) < ipxoix) for some radially symmetric 
function h € L°°(M") n ^^(M") satisfying < h{x) < ipXoi^) on M". Then there exists a unique 
maximal solution u of (11. ip in M" x (0,oo) satisfying < u{x,t) < (j)Xo{x,t) in M" x (0,oo) with 
initial value uq. 

Lemma 4.4. Let n > 3 and < uq £ L°°(M"') satisfy ()1.12p for some non-negative radially 
symmetric function f . Suppose u is the maximal solution of (jl.ip and u is given by (|1.7p . Then 
there exist positive constants Ci, C2, C3 such that 

1^1 12 <u{x,t)<C2- , ^1 1,^' ' V|x|>3,t>2. (4.4) 

1 + 1 + \x\'^ 

Proof. We will use a modification of the proof of Proposition 6.2 of |DSlj to prove the lemma. We 
will first prove (|4.4p under the assumption that uq{x) is radially symmetric in r = |x| > 0. Let ux, 
< A < Ao, be as in the proof of Theorem 14.11 and t > 2. Similar to the proof of Lemma 13.21 the 
function 



wx{x) 

satisfies 



and 

lim -— ) 

Br{x) 



= \^OgUx-log(l)Xo\ix,T)dT 
Jt-1 

A{wx - Zx)>0 in (4.5) 

lim -1^ [ wx{y) dy = Vx G M" (4.6) 



where 

Zx{x)= [ ^ / \ux-<l)Xo\{y,t-l)dydp VxGM",t>2, 

J\x\ ^nP J\y\<p 

is the Newtonian potential of \ux — (pXali'^t — !)• Then by (|4.5p . (|4.6p . and the mean value property 
for subharmonic function, 

wxix) < Zx{x) in Vt > 2. 

Hence 

wx{x)<C:>, ^ — - V|2;|>l,t>2, (4.7) 
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for some constant C3 > 0. By (|1.12p . ([iTT]) . and Theorem 

[ ^og(l)x^{x,T)dT - C3 ^^'^j^^Ji^ ^ < [ \ogux{x,T)dT < [ log (/>Ao (x, t) (ir + C3 



\j.\n—2 



holds for any |x| > 1 and t > 2. By (fTSl) and ([M 



(4.8) 



Hence 

rt 



\og4>x^{x,t) < I log(/)Ao(x,r)(ir < log(/>A„(a;,t - 1). (4.9) 
Jt~i 

Since by Lemma [2TT]i/;^^^(r) < for all r > 0, we have 

<AAo(x,t - 1) = e-2/^(*-i)V'Ao(e-^(*-^)x) < e'^e-'^^x,{e-''x) = e'^^,,ix,t). (4.10) 
By (gSl), (BSD, and (ICTD . 

log l^ *^^" ^^^^^ ~ ) < ^ log ^a(x, r) dr < log (C40Ao ^)) V|x|>l,t>2, (4.11) 

where C4 = e^^"'''^^"'^"^^^ . Since satisfies the Aronson-Benilan inequality (cf. jH3j ). 



u 

ut<- inM"x(0,oo), 



we have 



^ux{x, t) < ux{x, t) < j^ux{x, t-1) Vx G M", i - 1 < r < t, t > 2 

log(^^^ux{x,t)j < \ogux{x,T)dT <\og(^-^ux{x,t-l)^ VxGM",t>2 
log (^^^^Y^^ < ^ \ogux{x,T)dT <\og{2ux{x,t-l)) VxGM",t>2. 



By (IQTT) and (jUl]), 



2 

'?^Ao(a;,t - 1) 
C4 



<Ci<l)Xo{x,t) V|x|>l,t>2 
<2ux{x,t-l) V|x|>l,t>2. 



(4.12) 



(4.13) 



Letting A in ([413]) . 

1 



2C4 
1 



</>Ao(2;,t) < -(/(x,*) < 2C4,(l)Xo{x,t) V|3;| > l,t > 2 

. „^ ^Xo {y) < u{y, t) < 2C74Vao (y) V |y| > l, t > 2. (4.14) 
ZO4 

By ([imj) and (frU]) . we get for some constants Ci > 0, C2 > 0. 

When uo{x) is not radially symmetric and satisfies ()1.12p . by the above result for the radially 
symmetric initial data case and an argument similar to the last step of the proof of Proposition 6.2 
of |DS1] on p. 118 of [DSlj we get (|4.4p for some constants Ci > 0, C2 > 0, and the lemma follows. 

□ 
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Corollary 4.5. Let n, uq, u, u, be as in Lemma \4-4\ Then there exists a constant C4 > such 
that 

5(x,t)>C4 ™^^'!°^J"''^ VxG]R",t>2. (4.15) 
1 + 

Proof: By Lemma 14.41 there exist constants Ci > 0, C2 > 0, C3 > 0, such that ()4.4p holds. Let 

C4 = min ( (Ci/10)(log3)e"*^'"-^"i'(«"), minM(x,2) ) . 

Since u satisfies (jl.l3p . by applying the maximal principle to n in i?3 x (2, 00) we get 

u{x, t) > C'^ V|x| < 3, t > 2. (4.16) 
By (fO|l and ()4.16p there exists a constant C4 > such that ()4.15p holds. □ 

We are now ready for the proof of Theorem 11.21 
Proof of Theorem By (jl.lip and the maximal principle, 

0<u{x,t) <(t)x,{x,t) VxGM",t>0 

^ < u{x, t) < ipxi (x) Vx G M", t > 0. (4.17) 
By Corollary 14.51 and ()4.17p for any R > 0, there exist constants C5 > 0, Cq > 0, such that 

C5 < u{x, t) < Ce V|x| <R,t>2. (4.18) 

By (j4.18p the equation ()1.13p is uniformly parabolic on Br x [2, oo) for any i? > 0. Let {ti}°^i be 
a sequence such that > 3 for all i £ Z+ and — )• oo as i — )• oo. By the Schauder estimates for 
parabolic equation |LSU] the sequence u{x,ti) is equi-Holder continuous in on every compact 
subsets of M". Then by the Arzela-Ascoli theorem and a diagonalization argument the sequence 
{u{x , ti)}'f2^i has a convergent subsequence which we may assume without loss of generality to be 
the sequence itself that converges uniformly in on every compact subsets of M" to some 
function t/; of as z — )• oo. On the other hand by Theorem 14.11 u(x. t) satisfies (ll.lOp . Hence u{x,t) 
converges to Vaq iii L^{W^) as i — )• oo and w = ipxg. Thus u{x,ti) converges uniformly in on 
every compact subsets of M" to ipx^^ as i ^ oo. Since the sequence is arbitrary, u{x,t) converges 
uniformly in on every compact subsets of M" to ipXo as i — t- oo and the theorem follows. □ 
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